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ABSTRACT 


Th*  energy  lose  of  •  relativistic  electron  In  a  Lorenta  type  plaaaa  is 
calculated  by  the  eethod  of  Landau.  No  relativistic  correction  was  foubd 
for  a  colllslonlesa  plaaaa;  however,  corrections  occur  for  a  plaaaa  with 
collision  losses. 

1.  INTBODOCTKW 


A  fast  charged  particle  passing  through  a  plaaaa  loses  It  energy  by  the 
excitation  of  plasaa  waves.  This  energy  loss  can  be  regarded  aacroscoplcally 
by  utilising  an  effective  dielectric  constant  for  the  plasaa.  This  approach 
was  first  used  by  B  Fetal  (ref  1)  for  a  solid  consisting  of  slightly  dasped 
electrons  bound  by  slaple  haraonlc  forces.  The  approach  In  this  paper  will 
follow  the  work  of  Landau  (ref  2)  In  calculating  the  energy  loss  of  a  rela¬ 
tivistic  electron  in  a  plasaa. 

2.  THB(»Y 


Let  us  consider  for  a  aoaent  a  voluae  of  plasaa  large  enough  so  that 
the  net  charge  contained  Is  sero  but  yet  snail  enough  so  that  we  can  average 
the  alcroscopic  fields  over  the  voltiae  and  write  Maxwell's  equations  in  the 

average  sense. 

In  particular  these  equations  are 


V  •  B  ■  0 

ft 

V  X  ffji  a  i  B 

*  c  a 


7  .  »  0 


V  X  f 


(1) 


where  the  subscript  "a"  meane  an  average  over  a  small  volume  (all  equations 
are  In  e.g.s.  units  with  pal).  We  shall  drop  the  subscripts  on  the  fields 
since  the  only  fields  we  will  consider  will  be  in  this  average  sense.  The 
above  equations  are  Incomplete  in  that  no  sources  have  been  introduced.  In 
the  particular  example,  we  need  the  charge  and  current  density  of  the  charged 
particle  whose  loss  we  are  calculating.  The  complete  equations  are  then 
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where  the  added  functions  are  Dirac  delta  functions  (ref  3).  The  equations 
(2)  can  be  expressed  more  simply  in  lerms  of  the  potentials  A  and  tp  such  that 

li  7  X  a’  ^  r  -  -  a  -  /vV  (3) 
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for  convenience  we  will  change  variables  in  the  integrand  to 
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Letting  p*v*  ■  u  and  ^  ~  we  have 
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We  consider  first  the  integral  over  u)  and  let 
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then 
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(18) 


Hie  Integral  becomes 


-OO 


(19) 


To  evaluate  this  integral  we  shall  treat  u)  as  a  complex  variable  and 
close  the  contour  in  the  upper  half  plane.  We  will  then  have 


I<U)  +  I  a  2T7iR 
c  + 


(20) 


Where  I  is  the  line  Integral  along  a  large  semicircle  and  R  is  the 
residue^of  the  integrand  In  the  upper  half  plane.  Now  €((!))’’  approaches 
1  as  tiu  becomes  very  large,  so  that 
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IlM  iiit*fr*nd  ha*  on«  pola  In  the  upper  heXl  plane  aa  Is  shown  by 
etpiati<»(A10,  Appendix),  so  that 


The  Integral  given  by  equation  (17)  becones 
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NO*  it  is  shown  by  equation  (AlO,  appendix)  that 

grand  is  on  the  imaginary  axis,  l.e.  «o-  y  ““®* 

r  6*  F(y)  o(y)  y  1  / 

I(U)  -  -rri  +»rrl  -  y»  o(y)]r^^y)  -  f'(7>TJ 

whexa  F(y)  -  f(iy),  «(»  -  tdy)  are  real  iunctlons  as  shown  by 

equations  (All)  and  (A12) . 

The  integration  over  u  can  be  changed  to  an  integration  over  y  by 


using 


uO(y)  "  F(y) 


duO(y)  a  CF'(y)  -  uO'(y)]  dy 


The  Integral  over  u  becomes 
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where  y  is  determined  from  F(y  )  «  0  and  y  from  the  condition 
P  "v®  0?y  )  -  F(y  )  =»  0.  Inserting  the  functions  F(y)  and  G(y)  given 
i8  equation  (A13)^into  the  integrand  we  find 


>-  Alt' 


using  the  values  of  y.  and  y  given  by  equations  (A15)  and  (A16),  we 
have  ^  ° 


4.  RB8ULTS 

If  in  equation  (32)  we  let  V^O  we  find  the  result 


(33) 


which  is  Just  the  energy  loss  per  unit  length  of  a  nonrelativistic  parti¬ 
cle  in  a  collisionless  plasma.  This  result  could  be  xibtained  directly 
from  Maxwell's  equation  using  only  the  electrostatic  approximation.  How¬ 
ever,  we  see  that  when  collisions  are  not  negligible  the  energy  loss  is 
different  from  the  nonrelativistic  result.  The  leading  result  of  equation 
(32)  when  Y.is  small  is 
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F  ■  r 
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(34) 


q»Mtt 
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•ad  If  w«  ••SUM  not  •nail  rpvP_>Xl*’P*>u)_‘]  the  correction  becraMS 

^  o  p** 

•o  tbnt  tb«  onorKy  loss  is  Isas  for  small  V. 

Throughout  the  derivation  the  cutoff  parasteter  F  has  been  assumed 
largS)  that  Is,  vP  has  been  assumed  large  compared  to  id  and  to  Y.  In 
using  equation  (32^  for  computation  the  choice  of  P  susf  be  consistent 
with  this  assumption.  For  a  plasma  in  tergal  equilibrium  one  say  choose 
P  ^  where  Is  the  Debye  length  in  the  plasma  (ref  4).  This  result 

would  only  give  the  loss  of  the  test  particle  up  to  this  value  P  .  One 
would  then  have  to  calc  ulate  the  loss  by  another  method  and  add^  to  the 
result  above  to  give  the  complete  loss.  For  an  electron  ms  not  in  ther¬ 
mal  equilibrium  a  reasonable  estimate  of  P^  would  be  n**^”  where  n  is  the 

number  of  free  electrons  per  cubic  centimeter.  For  values  of  P  greater 
than  this,  the  individual  electron  scattering  would  be  importanf;  and  if 
this  were  calculated,  one  could  again  obtain  the  total  loss  by  simply 
adding  to  the  result  given  here. 
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Th*  polM  In  the  integraud  of  ec!uatio;i  (19)  are  the.t  the  zeros  of 


ai[ug((«)  -  f(u))]  =  u[a)tiv]  +  u»[(l-33)a)3  lyd-p®)  (A8) 

ug(tu)  -  f(u>)  =  (1-p®)  ouP+lYd-P^)  (D®  ^  (u+p^u)  ®)  m+iy^i  =  0  (A9) 

P 

Let  m  ■  it,  then 

<1-P®)Z®  +  Yd-3*)Z®  -  (u+p2  uj^“)Z  -  yu  =  0  (AlO) 

This  equation  has  three  real  roots,  so  that  the  roots  in  uj  are  all  on  the 
laaglnary  axis.  Further,  the  equation  has  only  one  positive  and  two 
negative  roots.  This  is  easily  seen  by  applying  Descartes  Rule  of  Signs 
to  the  cubic  equation  (4).  Now  if  we  let  this  root  be  iy,  we  have 

F(y)  =  f(ly)  =.  [(1-02)  y2+Y  d-02)  y-p^  u^^a]  (All) 

0(y)  =  gdy)  «  ,  .CA12) 

and  the  function  F(y)  -  y®G(y)  =  -p^  [y»+Yy+a)  (A13) 

Jr 

The  limits  on  the  Integral  In  equation  (29)  are  then  given 

J^o  -  -  2 

and 
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